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Abstract—This paper considers a cognitive radio (CR) re-
lay network which consists of a cognitive source, a cognitive
destination and a number of cognitive relay nodes that share
spectrum with a primary transmitter and receiver. The cognitive
source is unable to communicate directly with the cognitive
destination and hence uses cognitive relay nodes to create a link
to the cognitive destination. Under the assumption of partial and
imperfect channel state information (CSI), we propose a new
robust cooperative cognitive relay beamformer that maximises
the signal-to-interference-and-noise ratio (SINR) at the cognitive
destination subject to a primary receiver outage probability
constraint. We show that the robust beamforming problem can
be stated as convex semidefinite program (SDP).

I. INTRODUCTION

Cognitive radios (CR) can operate either using the inter-
weave [1] or the underlay [2] schemes. The underlay scheme
allows a secondary user (SU) to transmit concurrently with
the primary user (PU) provided that the interference at the PU
receiver can be maintained below some acceptable level. This
is achieved by imposing either an average/peak interference
constraint [2,3], or a minimum signal-to-interference-and-
noise ratio (SINR) constraint [4]. The advantage of using
the SINR-based scheme is that it allows the SU to optimise
its transmissions based on the quality of the primary user
transmitter (PUyx) to the primary user receiver (PUgy) link.

The use of multiple antennas can result in significant
improvements to the performance of underlay CR systems.
These performance improvements can also be realised by
system employing multiple single antenna relay nodes through
a technique known as cooperative relaying [5—-8]. Cooperation
among geographically distributed relay nodes can be utilised
to form a virtual antenna array and provide increased gains in
capacity through distributed beamforming. Cooperative beam-
forming designs in the form of convex semidefinite programs
(SDP) were formulated in [6].

The concept of cooperative beamforming has been applied
to CR systems in [9,10]. A CR system typically deploys
relay nodes to allow a SU transmitter (SUty) to communicate
with a distant SU receiver (SUgry) when the link between the
SUrx and SUgy is poor. While improving the SU performance
through beamforming, cooperative beamforming at the relays
also enables more control over the interference generated at
the PUgry. The design of cooperative beamformers under the
assumption of perfect/full channel state information (CSI) have
been studied in [9, 10]. In practical communication systems,

this assumption may be over idealistic as perfect CSI for
all links is rarely available. These imperfections arise due to
many factors, some of which include channel estimation errors,
limited CSI feedback and outdated channel estimates. The
design of worst-case robust cooperative beamformers that are
less susceptible to these imperfections has been investigated
in [7]. Unfortunately, solutions obtained through the worst-
case approach can be overly conservative because the true
probability of worst-case errors may be extremely low [11].

In a CR relay network, the CSI of the PUt to PUgx, SUTx
to PUgx and SU relays (SUgys) to PUgy is generally the most
difficult to acquire and some level of cooperation with the PU
system may be required. The level of cooperation determines
the quality of the CSI that is available to the SU. In this
paper, we consider a CR relay network where i) only partial
CSI is available for the PUt, to PUg, and SUt, to PUg,
links; ii) the CSI of the SUgj to PUgy links is imperfect;
and iii) perfect CSI is available for all other links. Under
the assumption of partial and imperfect CSI, we propose a
new robust CR cooperative relay beamformer that maximises
the cognitive destination SINR subject to a PUgy outage
probability constraint. We show that beamforming problem can
be transformed into a convex SDP. In [12], the interference
generated by SUry at the PUgrx was ignored. This paper
extends the work of [12] by including this interference into
the beamformer design problems.

The performance resulting from the optimisation problems
outlined above is demonstrated by means of capacity cumula-
tive distribution functions (CDFs) in flat Rayleigh channels.

In this paper, we assume both i) the proposed optimisation
problems are solved by a central SU processing unit; and ii)
a dedicated link, such as that in a distributed antenna system
[13], between this central SU processing unit and each relay
node exists.

Notation: Upper (lower) bold face letters are used for ma-
trices (vectors); (-)*, ()7, (), E{-} and ||| denote complex
conjugate, transpose, Hermitian transpose, expectation and
Euclidean norm, respectively. | - | denotes the magnitude
squared operator for scalars and element-wise magnitude
squared for vectors. tr (-) and @ denote the matrix trace oper-
ator and element-wise product between vectors, respectively.
W > 0 denotes that W is a positive semidefinite matrix.
x ~ Ng(m,X) states that x contains entries of complex
Gaussian random variables, with mean m and covariance X.
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II. SYSTEM MODEL

Consider a underlay CR relay network which consists of a
SUrx, a SUgx, R secondary relay (SUg;) nodes and a PUry
and PUgy pair, as shown in Fig. 1. We assume that due to
poor channel conditions between the SUpx and SUgy, there
is no reliable link between them. Hence, the SUrx employs
the SUg, to communicate with the SUg,. Since the PU
and SU systems transmit concurrently, the PUgy experiences
interference from the SUtx and the SUg; transmissions, and
both SUg; and SUgx experience interference from the PUry
transmissions.

All links in the network are assumed to be independent,
point-to-point, flat Rayleigh fading channels. The channel
coefficients of the PUpy to PUgry, PUrx to SUg; 7, PUrx to
SUgrx, SUtx to SUg; 2, SUtx to PURgy, SUFBZ to SURX and
SUg; i to PUgy links are denoted by hpp, hpts ps, R, hsps
hﬁ? and hgp), respectively. The instantaneous channel powers
of these links are represented by gop = |hpp|?, g5 = |h52 2,
9ps = |hpb|2 gbf |hsr)|2 gsp = |spl?, ggs) = |hl(s |2 and
gr(p) | Z)|2 and have the means QPF = E{gpp} Q
Efg'}. Qp = E{gpeh O = o'}, Oup = B{s)
0 = E{g{?} and Q) = E{g})}.

A two-step amplify- and forward (AF) protocol is adopted in
this work. During the first step, the SUr broadcasts the signal
V/P;s, to the relays, where P, is the SUry transmit power and
ss the information symbol. Simultaneously, the PUry transmits
the signal \/ﬁpsg), where P, is the PUr transmit power

and sl()l) the information symbol. We assume that E{|s;|?} =
IE{|SE,1)|2} = 1. The signal received at the ith relay is given

by
\Fssh*l + v/ PosPhi + 00, (1)

wanted signal

and that at the PUgry by

4= VPR + Py £y O

interference + noise

interference + noise

wanted signal

where hgg is the PUp4 to PUgy channel coefficient in the

first transmission step and n{") and np are the additive white
Gaussian noise (AWGN) with powers o7 and o3 at the ith
relay and the PUgy, respectively.

During the second step, the ith relay transmits the signal

Yi = TW;

= /Pessh:Dw; + /P, s(l)h*( Jw; +nDw;,  (3)

where w; is the complex beamforming weight applied by
the zth relay Durrng this time, the PUp, transmits the signal
\/7 s where Sp (2) is the information symbol and is assumed
to be dlfferent to that transmitted in the first step. We assume
that ]E{|s£,2)\2} = 1. At the SUgy, the received signal can be
expressed as

Zylh* V4 \/>s(2)h*

=V sss sr © hrs] W+ [nr O] hrs]HW + ng
noise

hy, © hy)w, (@)

wanted signal
—&—\/»s(z)h* —|—fs

interference

and that at the PUg, as
R
= VR + Y )
i=1

= \/Pipsr(DQ)th + [0, © hrp]HW +np o)

noise

wanted signal

+ \/ Psss[hsr @ hrp]HW + \/ Ppsél) [hpr @ hrp]HW7

SU interference

self interference

(2) is the PUry to PUgx channel coefficient in

where hpg
the second transmission step, hy, £ [hé}) hg?)hgfi )]T

hrs N R AE . hET, hpe 2 RS RS RSP,
F [h(l) h(Z). .hﬁg)]T, w2 [w wy ... wg]T, n 2
D 2 ) fﬂR)]T and ng is AWGN with power o2 at

the SURx- Note that the relays also retransmit the PU’s signal,
hence, the PUgy also receives the PUr, symbol from the first
step, which is treated as self interference in our analysis.

By assuming that s, sl()l), sg), Ei) Vi, ng and ny, are all
uncorrelated from each other and perfect CSI is available, and
therefore considering the channel coefficients as deterministic

constants, the ¢th relay’s transmit power is given by
Pp) = Bylwi?, (6)
where E = Pdiag (|hy|?)+ Ppdiag (|hy|?)+0?2L The SINR
at the SUgy is expressed as
P, |[he © by Hw|?
By |hr>S|2 + B |[hp: © hrS]HW|2 + 07 |hes © W”2 + 02
B wiQw )
~ Pplhps]2 + WwH(R 4+ V)w + 02’
where Q = Ps [hsr®hrs][hsr®hrs]H’ R= Pp [hpr®hrs] [hpr®
h,]# and V = oZdiag (|hys/?).
The SINR at the PUg, in the first step can be expressed as
1
1 _ Pyl 2
p Pslhsp|2 +0-12>,

and using the following definition

Vs =

®)

2 2
I, £ Py |[hsr © hrp]HW| + By thr © hrp]HW’
+07 [y © WH2 )



the SINR in the second step can be expressed as
2 2
o _ Bolhiy? _ Py|hfp 2
P I,+02 wH(B+C+D)w+ o2’
where B = Pi[hy, © hypllhg © hrp]H, C = Fh, ©
h,p][hye © hyp] and D = o2diag (|hyp|?).

To guarantee a certain level of quality-of-service (QoS) to
the primary user, in our beamformer design formulations under
the assumption of perfect CSI, we impose PUgy instantaneous
SINR constraints in both transmission steps, i.e., wél) > 7
and ’yp(?) > ~1. These constraints are transformed into a
probability based constraint in Section IV.

)

III. BEAMFORMER OPTIMISATION UNDER FULL CSI

In this section, under the assumption of the availability of
full CSI for all links at the SU system, we find the optimum
beamforming weight vector, w, that maximises the SUgy
SINR subject to the PUgrx QoS constraint and an individual
maximum transmit power constraint, Plgf’)max, on each relay
node. In practice, the relay power constraint may be due either
to regulatory or hardware limitations.

We assume that we are unable to control the PU’s transmit
power and the PU transmits at a constant power of F,. The
assumption of perfect CSI for all links allows us to obtain
fundamental limits on performance. However, in practice, the
channel would need to be estimated, hence the performance
results obtained in this section provide an upper bound. In
Section IV, we consider the case when perfect CSI is not
available.

Since the PUgy’s QoS requirement needs to be guaranteed
in both transmission steps, the beamforming problem stated
above is preceded by a SUr, power control stage whereby
the optimum SUrpy transmit power, Py, is chosen. Note that it
is not possible to have a joint power control and beamformer
design because we assume that the channels are not static from
the first transmission step to the second. Using (8), it is easily
shown that the optimum transmit power is given by

Py |h (D))
0 ——pp_ T < crf),
b= . Poln{D)? o2 .
mi T W,P&max otherwise
(10)

where Ps 1.« 18 the maximum allowed SUrty transmit power.
This choice of P; maximises the SINR at the relay nodes while
ensuring that the PUg, SINR constraint is satisfied. P is then
used in the cooperative beamformer design which is described
next.

The SUgx SINR maximisation problem is expressed as

wiQw

11
T WH (R + V) w + By|hys? + 02 (1)
st. Eulw? <P, i=1...R (11b)

wiyr (B + C+D)w + 1o — Po|hlZ) [P < 0(11c)

Problem (11) is a nonconvex optimisation problem; however,
it can be transformed into an optimisation problem which has

the structure of a linear-fractional program [14]. Using the
definition W £ ww'!, problem (11) can be restated as

max tr (QW) (12a)
Wt (R+ V)W) + Pylhyel® + o2

st. ByW; <PY  i=1..R (12b)
yrtr (B +C+D)W) +yron — Polh{H

<0 (12¢)

W =0 (12d)

rank (W) =1 (12e)

Due to the rank constraint (12e) being a nonconvex constraint,
problem (12) is a nonconvex optimisation problem. Applica-
tion of semidefinite relaxation (SDR) [14] allows the problem
to be relaxed into a convex optimisation problem, i.e., remov-
ing the rank constraint. The Charnes-Cooper transformation
[14] can be used to solve the relaxed form of problem (12).
By defining the pair
W= hd ,
tr (R4 V)W) + P, |hys|? + 02
1
THRRTVIW) 1 Pyl + o2
the relaxed form of problem (12) can be stated as

max  tr (QW) (13a)
Wt

st. EyWy <tPY . i=1...R (13b)
yrtr (B + C +D) W) + t(yro] — Po[hG) )

<0 (13¢)

W =0 (13d)

tr (R+ V)W) +t(Py|hps? +02) =1 (13e)

t>0 (13f)

Problem (13) is a convex optimisation problem and can
be solved using interior point methods. After solving this
problem, the beamforming matrix is recovered as W = W /t.
If W is rank-one, then the optimum beamforming vector, w*,
can be chosen to be the principle eigenvector of W. The
Gaussian randomisation technique [15] can be used to recover
a good rank-one approximation when the rank is higher than
one. Similar to other works on beamforming (see, for example
[6]), in our extensive numerical simulations, we have never
encountered a solution that had a rank higher than one.

IV. ROBUST BEAMFORMER DESIGN

In practise, perfect CSI for all links is seldom available
and the assumption of perfect CSI may be unrealistic. For our
analysis, we assume that the channels for the SUrx to SUg,
and SUg; to SUg links are accurately known through the SU’s
channel estimation procedure and those between the PUry
and SUg; can be accurately measured, for example, through
knowledge of the PU pilot symbols. We assume that only
partial CSI in the form of mean channel powers for the PUry
to PUgx and SUry, to PUg, links is available, i.e., only €,
and €, are known. Furthermore, we assume that an imperfect
CSI estimate of the SUg; to PUg, link is available.



Our robust formulations are based on the PU outage proba-
bility. The PU is in outage when the SINR at the PU, ~,, falls
below the PU SINR threshold, . The aim is to constrain this
outage probability to be less than or equal to some maximum
allowable probability, P, max. The outage probability in the
first transmission step is expressed as

P = Pr{ B — yrPdhepl? < 9102} (14)

The PDF in (14) is that of a difference between two indepen-
dent exponential random variables and can be shown to have
the following form

A1 A .
_ X o, OXP (=) ify>0 1
T { ooy ipco 0

where Ay = 1/(P,Qpp) and Ay = 1/(y1Pfdp). Using (15)
and utilising the fact that ’}/TO'g > 0, (14) can be rewritten as

A
P0<1>:17/ 122 exp (—A9)d
o2 VW XP( 11/1) WP
P,Q yro?
—1- p>’pp exp [ ———2|. (16)
'VTPstp + Pprp P < PPQDP>

We note that the optimum SUrpy transmit power will satisfy
the outage probability constraint with equality. Hence, using
(16) the robust power allocation for the SUty is given by

2
0 PpQpp < — 9
PS = T log (1—Po,max)”’

min (P, Psmax) otherwise
a7
where P, is given by
P.Q (exp (_ﬂ) - (1 - Po,max))
p=—" FoSor (18)

PYTQspU- - Po,max)

Observe that this robust power allocation is based entirely on
deterministic constants and only needs to be performed when
one of these constants change.

We model the imperfect SUg; to PUg link CSI estimate as
[16]

ljlrp =V (1 - p2)hrp + pe,

where flrp is the imperfect SUg; to PUgx link CSI estimate and
e is the zero mean estimation error vector with independently
distributed complex Gaussian entries and the diagonal covari-
ance matrix X, = diag(Q,p), i.e., e ~ Nc(0,5.). 0< p <1
determines the quality of the CSI, which is perfect when p = 0
and has maximum uncertainty when p = 1.

19)

The PU outage probability in the second transmission step
is given by
Pplhyp|?
< . (20
wAB+C+D)w+o2 = " 0)

P, =Pr {

Using (19), yrw’ (B + C + D)w can be expressed as
H _ T

—2P,pR{w![hy ® hyp][hy © e]F w}
—2P,pR{w" [, © fl!p] [hpr © €] w}
—202pR{w diag((h})” © e)w}
—&—PSpQWH[hsr © e][hg © E]HW
+Pyp*w! [y, © €]y, © e]Tw
+o2p’w diag(le|?)w

+w Py [hsr © flrp] [hsr © flrp]H

2y

+b [hpr © lNlrp] [hpr © l~lrp]H + Ugdiag(|}~1rp‘2)] W)

In the interest of brevity, the terms on the right hand side
of (21) are denoted by ri,72,...,77. Due to the correlation
between the terms of (21), its exact PDF is difficult to handle.
However, we propose an accurate approximation of the PDF
which is easier to handle based on the following observation.
In a practical wireless receiver, the noise variance, af, is
generally very small, for instance, a receiver with a 2 MHz
bandwidth and a noise figure (NF) of 30 dB operating at a
room temperature of 293 K has an effective noise power of
approximately -80 dBm. Hence, random variables that contain
the term o2, namely 73 and rg, can be safely ignored.

It is easily shown that r; and ry are zero mean Gaussian
random variables with variances, o7 and o3 given by

of = 04 P2 tr ((hsrhg © (p/(1 - 102))2EE)W)

tr ([har © gl [hir @ By} W) @2)
03 = 294 P tr (hpehfh © (p/(1 = p?))*Ze) W)
tr ([hpr ® hyp)[hye © hyp]H W), (23)

where W = ww?,

Using [17, Lemma 1], r4 and 75 are recognised as expo-
nentially distributed random variables with means given by
Ha = ’YTPS tr ((hbrhg © (/72/(1 - pQ))Ee)W>7 24)
15 = 71By tr (bl © (02/(1 — p*))Z)W).  (25)
r7 is a deterministic constant.

In a practical cognitive radio system, the PU requires a
very reliable link, hence the outage probability specified will
generally be very small. In order to satisfy the stringent
outage probability constraint, both ¢ and o5 must also be
small. Notice that the expression for o7 contains the term
Pitr (hehl © (p/(1 — p?))?E. )W), which can be rewritten
as PR (p/(1—p))2 8., |h$D|2W ;. This term represents
the SU interference that is generated at the PUgy due to CSI
errors, and its level can only be controlled by adjusting the
beamformer transmit power. Hence, as the SUpy to SUg) link
gets stronger, the beamformer weights will be scaled down
in order to achieve the outage probability constraint. Note
that this term also appears in p4, which is used in our final
approximation, (26), of the PU outage probability constraint
and its magnitude is controlled by controlling the magnitude of



(4. We note that the beamformer is able to control interference
from the Pitr([he ® hyp)[he, ® hyp]¥ W) part of o7 through
both amplitude and phase control and is able to keep it
sufficiently low to satisfy the outage probability constraint.
Again, note that this term appears in the deterministic constant
r7, which is used in (26). Hence, the magnitude of this term
is controlled by controlling the magnitude of 7.

The individual relay transmit power constraints in the
beamforming problem (11) also limit the beamformer weight
magnitudes, which in turn limit the levels of 0% and 03. From
the definition of E and (11b), we see that for a fixed value
of Pé{”)max, the ith relay’s maximum achievable beamformer
weight magnitude decreases as either the SUr, or PU7y to the
ith relay link gets stronger.

The expression for o3 contains two terms that represent PU
self interference, the level of which is controlled in a similar
way to that described above, i.e., by controlling the levels of
us and 77, both of which appear in (26). Since both o? and
o% are expected to be small, the PDF of r; and r will be
concentrated around zero and can be neglected.

From the above discussion, we see that the PDF of (21) can
be approximated as the sum of two correlated exponentially
distributed random variables r4 and r5. For small values of p,
the correlation between 74 and 75 is small and therefore they
can be treated as independent random variables.

The PU outage probability can be approximated as

PO(Q) ~ Pr {Pp|hpp|2 —(ra+r1s) < ’yTUf) + 7“7} (26)

< ; > ( : )
Ha 253
1 + PDQPP 1 + PDQI’P

exp [ — 1ok 417
PPQPP

and the outage probability constraint is given by

rr M4 M5
exp ( ) (1 + ) (1 + )
Py Popp Py
oxp (3252
S p PPQPP
1- Po,max
Note that (27) is a nonconvex constraint. In order to transform

this constraint into a convex constraint, we first use the
geometric-arithmetic mean inequality! and rewrite (27) as

r7 Ha M5
e — 1 1
P (PPQPP>+< +PPQPP>+< +PPQPP>

=1-

27

AN
T PO
<3| ——22=22 28
o 1- Po,max ( )

INote that the use of the geometric-arithmetic mean inequality results in
tightening of the constraint. This may cause the beamforming problem to
become infeasible or the solution obtained may be sub-optimal since the
power allocated to the beamformer would be less than what would have been
allocated if the original constraint was used. We have developed an algorithm
that iteratively finds the minimum outage probability that meets the original
constraint; however, through our extensive numerical simulations we have
found that the solution obtained by directly solving the problem with the
tightened constraint is very close to the optimum and, in practice, it is not
necessary to use the iterative algorithm.

which is still a nonconvex constraint. However, the as-
sumptions that were made to obtain the approximate outage
probability expression also imply that r7; is small. Thus,
exp (r7/(PpoQpp)) = (1 + 77/ (Ppfpp)), allowing us to write
the outage probability constraint as the convex constraint

1
_ 'YTO'?, 3
eXp PpQpp

]- - Po,max

(o + pa 1) + 3| 1
<0, (29)

r va tr((PS[hsr ® hyp)[hy © Dy + o2diag(|hyp ?)

2

+ PplBpr © Bug][Bpe © B )W),

Finally, the beamforming problem (12) can be converted
into a robust beamforming problem by replacing constraint
(12c) with the robust probability based constraint (29). Again,
the Charnes-Cooper transformation can be used to solve the
resulting robust beamforming problem.

Although our outage probability approximation is based on
the assumption that p is small, we have empirically found that
the approximation is accurate up to p values as large as 0.8
in various channel conditions.

V. SIMULATION RESULTS AND DISCUSSION

We illustrate the performance of our proposed methods
through numerical simulations in i.i.d. Rayleigh flat-fading
channels. We consider a system with 4 relay nodes. In all
simulations we have set P, = P ax = 30 dBm, Plgi)max =30
dBm Vi, yv = 5 dB and the noise power at each receiver
is assumed to be —80 dBm. The maximum PUg, outage
probability, Py max. is set to 5%. Channel powers of the direct
paths, i.e., Qpp, Q% Vi and Q) Vi, are set to 10 dB. For
our simulations we have set the signal-to-interference-channel-
ratio of all receivers to 5 dB, i.e., Qg})/ﬁpr = QE?/QPS =
Qpp/Qg,) = Qpp/Qsp = 5 dB. According to CSI error model
(19), .., = Q) = 5 dB, Vi. To illustrate the impact of
CSI errors and the effectiveness of our proposed method,
we present simulation results for various values of p. Our
proposed robust beamformer is also compared against a non-
robust beamformer. The non-robust beamformer is designed
by treating CSI of h,, as perfect by ignoring the effects of
CSI errors. Due to space constraints, results for a limited
set of parameters are presented; however, through extensive
numerical simulations, we have verified that our proposed
methods perform just as well in a wide range of channel
scenarios and QoS constraints.

In Fig. 2, results are provided for the CDF of the SINR at the
PUgy for the full CSI and robust designs. The CDFs presented
are ensemble CDFs obtained through solving multiple realisa-
tions of the proposed designs. In each realisation of the prob-
lem, new instances of the required channels are generated and
the power allocation and beamforming problems are solved.
Results are also provided for a non-robust beamformer design.
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We see that the outage probability for the full CSI solution
is zero in both transmission steps. Results show that the 5%
PUgx outage probability requirement is satisfied by the robust
SUrx power allocation problem (17). We see that the robust
beamformer satisfies the 5% outage probability requirement
for p = 0.1 and also for p = 0.8. This demonstrates that the
proposed outage probability approximation is also accurate in
very large channel uncertainties. The non-robust beamforming
solution achieves an outage probability which is almost 60%
because the outage probability constraint is not respected by
this design.

In Fig. 3, the CDF of the SINR at the SUgy for the full CSI
beamformer and its robust counterpart is plotted. To illustrate
the impact of CSI errors, results for various values of p are
provided. As expected, the full CSI design results in the
best SUgx performance and the performance degrades with
increasing CSI error variance.

VI. CONCLUSIONS

In this paper, we have studied a robust cooperative beam-
former for a CR relay network under the assumption of partial
and imperfect CSI. We have proposed a robust SUt, power
allocation design based on partial CSI that maximises the
SINR at the cognitive relay nodes while satisfying the outage
probability requirement of the PUg,. We have shown that the
robust SUrx SINR maximisation beamforming problem under
the assumption of partial and imperfect CSI can be stated as a
problem that has the form of a linear-fractional program. Using
the Charnes-Cooper transformation, the robust beamforming
problem can be transformed into a convex SDP. Our simulation
results have shown that the proposed methods achieve the
required robustness in various levels of channel uncertainty.
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